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Abstract
Leaves are the organs that intercept light and create photosynthesis. Efficient light interception is provided by leaves
oriented orthogonal to most of the sun rays. Except in the polar regions, this means orthogonal to the direction of
acceleration due to gravity, or simply horizontal. The leaves of almost all terrestrial plants grow in a gravity field
that tends to bend them downward and therefore may counteract light interception. Plants thus allocate biomass for
self-support in order to maintain their leaves horizontal. To compete with other species (inter-species competition), as
well as other individuals within the same species (intra-species competition), self-support must be achieved with the
least biomass produced. This study examines to what extent leaves are designed to self-support. We show here that a
basic mechanical model provides the optimal dimensions of a leaf for light interception and self-support. These results
are compared to measurements made on leaves of various giant monocot species,especially palm trees and banana trees.
The comparison between experiments and model predictions shows that the longer palms are optimally designed for
self-support whereas shorter leaves are shaped predominantly by other parameters of selection.
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1. Introduction
Leaves are responsible for intercepting light and creating
sugars from photosynthesis (Vogel, 2012). The ability of a
plant to produce biomass, to grow and reproduce (in other
words to compete for survival) depends on the efficiency of
photosynthesis. Photosynthesis yield depends on various
parameters, mainly gas exchange, leaf temperature and
light interception (Farquhar et al., 1980). Different factors
may have a role on those key parameters: leaf perspiration,
stomata aperture and ability to flutter may alter heat and
gas exchange at the level of the leaf (Roden and Pearcy,
1993; Roden, 2003).
Leaf orientation towards the sun’s rays plays a key role
for light interception (Tadrist et al., 2014) and different
strategies have been adopted by the vegetal kingdom. In
the first strategy, leaf orientation has no preferred direc-
tion to collect diffuse light that comes from every direc-
tion. In the second strategy, leaves have to be properly
oriented to collect direct sun light. More complex strate-
gies to improve the rate of photosynthesis also exist, giv-
ing rise to rather dynamical plant behaviour depending
on environmental parameters. One example is the time-
dependent orientation of leaves to follow the sun’s position
in the sky, but they can be even more complex. For in-
stance, during a drought period, the inability to access wa-
ter from the soil prevents the plant from perspiring. The
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Symbols Parameters
θ Maximal angle of deflection on the palm
V Available volume of biomass
S Leaf surface
M Total mass of the leaf
Me Extra mass attached to the leaf free-end
l Length of the leaf
w Width of the lamina
t Thickness of the lamina
d Diameter of the petiole/midvein
g Acceleration of gravity
ρ Leaf mean density
G Gravity loading per unit of length
C0 Palm curvature without external loading
C Palm curvature with external loading
lx Horizontal projection of palm length
E Young modulus of the leaf
I Second moment of area of the leaf
E Daily collected solar energy
φ Solar inclination angle
λ Lagrange multiplier
Table 1: Table of parameters
Preprint submitted to Journal of Theoretical Biology September 13, 2018
leaf-refreshing effect of transpiration is cancelled, leaf tem-
perature increases and the rate of photosynthesis drop to
zero. To avoid such dramatic loss, leaves’ orientations are
changed to intercept less light, reduce leaf temperature
and keep leaves active for photosynthesis, (Vogel, 2012;
Gonzalez-Rodriguez et al., 2015).
Because of these reasons, one may think that leaf ori-
entation, leaf shape and leaf size would be parameters
subjected to strong pressure of selection because of their
role in light interception. The design of the leaf (thick-
ness, length, width, petiole, midvein, secondary veins,
etc.) must be optimal to obtain the larger rates of photo-
synthesis without threatening the plant’s life. The high-
est photosynthetic rates of plants can reach up to 30%
with a mean rate around 3% (Raven et al., 2003). In this
context, it is surprising to observe such a variability in
leaf shape, sizes and orientations (see Fig. 1). Discus-
sions about plant mechanical optimality make a long story.
The first authors to introduce the concept of plant design
constrained by mechanics were McMahon and Kronauer
(1976), who proposed that tree height and tree width are
bound features. A few discussions of plant optimality con-
cern branches (Wei et al., 2012) and leaves (Niklas, 1992,
1993; Niklas and Spatz, 2012), and Jensen and Zwieniecki
(2013) have shown that leaf size is limited by optimal sap
flow in tall trees.
Simple calculation of light interception with geometri-
cal arguments shows that the optimal position to collect
direct sun light is orthogonal to the local gravity field;
see Appendix A and Tadrist et al. (2014). On terrestrial
plants, leaves grow on branches and must support their
own weight in order not to hang down. Some bio-material
used to make the leaf must be dedicated to create surface
area for light interception, but the rest of the bio-material
should be used for mechanical self-support. On the one
hand, if too little bio-material is used for self-support, the
leaf will hang down and despite the large amount of bio-
material used to create surface area, it will not intercept
much light. On the other hand, if too much bio-material
is used for self-support, the leaf will be properly oriented
to intercept light but will have no surface area to collect
light. An optimal mass allocation trade-off exists between
those two extrema. What would be the shape of a leaf
that has optimally allocated biomass? Note that when no
self-support is needed, all the biomass would be used to
create surface area for light interception. This is the case
for water lilies that occupy the interface between air and
water.
Answering questions considering optimality in nature is
not easy because of the large number of functions per-
formed by an organ and because of the still larger number
of environmental parameters to take into account. Those
functions may naturally encourage antagonistic shapes; for
instance, the optimal leaf would be thin enough to have a
large surface area-to-volume ratio to enhance gas and heat
exchange, but also thick enough for efficient transport of
water and sap in xylem and phloem. Abiotic and biotic
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Figure 1: (a) Variety of shapes of leaves: (i) simple leaf, (ii) palmate
leaf, (iii) pinnate leaf. (iv) sessile leaf, without petiole. (b) Variety
of sizes: the first leaf is an oak leaf which has typical dimensions on
the order of few centimetres, compared with phoenix palm that has
a typical dimension of a few meters. In proportion, the oak leaf size
has been magnified by a factor 100. The largest leaf was measured
on Raphia regalis with a length of 25.11 m Halle´ (2005). (c) Variety
of leaf orientations in term of leaf inclination angle distribution. The
first distribution depicts erected leaves whereas for the second one
(Trema aspera) most of the leaves are hanging down.
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stresses are also shaping factors for the leaf. For example,
a leaf may be designed to flutter to increase photosyn-
thesis rate (Roden, 2003), to expel water drops and pre-
vent fungus attacks or simply to remove hervibory insects
(Yamazaki, 2011). Leaves have also developed mechanical
tricks to be stiffer for the same amount of bio-material and
thus to reduce the amount of biomass needed to support
their own weight. Those tricks are (i) the inhomogeneity
of the leaf tissues (Xylem and phloem vessels are much
more lignified -and thus stiffer- tissues than mesenchyma-
tous cells.), (ii) the anisotropic placement of the tissues
and (iii) the shape of the leaf itself. For instance, the
shape of the leaf could lead to a stiffer U-shaped petiole
(Ennos et al., 2000) or stiffer lamina through curvature-
induced rigidity (Barois et al., 2014).
In this paper, we focus on the trade-off between self-
support and creation of surface area for light interception.
Our approach is based on a basic mechanical modelling
of the leaf which neglects the different stresses or parame-
ters of selection that apply on leaves, nor on the complex
mechanical tricks developed to enhance leaf rigidity while
minimizing biomass use.
Optimal leaf shape is examined for the giant monocots
leaves, especially palms of palm trees and banana trees.
Palm trees belong to the large family of Arecaceae (more
than 2600 species) within the monocots clade. In this
family, plants exhibit leaves of different sizes and different
shapes. We choose here to study plants with consistent,
simple leaf geometry: one short petiole and one long lam-
ina with one major vein. In the first part of this article we
take advantage of this simple geometry to describe theoret-
ically what would be the optimal leaf of a palm tree. In the
second part of this article, we describe the measurements
done on actual palm trees and banana trees. Finally, we
compare the theoretical results with the measurements on
monocot trees. We show that the shape of larger leaves is
close to the predicted optimal shape whereas the smallest
palms shapes differ strongly from prediction. We predict
a minimal size for which our model applies. For smaller
leaves, self-support does not appear to be the strongest
factor of selection.
2. Model
We aim at modelling what would be the optimal shape
of a leaf under mechanical self-support constraints. We de-
velop here a simple model based on mechanical considera-
tions. For the sake of clarity, mechanical and geometrical
assumptions are made for the considered leaf.
2.1. Model assumptions
We detail the assumptions as follow: first, the geometry
of the considered leaf is chosen as the geometry of a palm of
Phoenix Canariensis. Such a palm is composed of a short
petiole that quickly becomes the midvein of the palm. The
diameter of the midvein at the base of the lamina is de-
noted d. The lamina has a length l, a width w and a
thickness t. The leaf geometrical properties are sketched in
Fig. 2. Second, we consider that all the bio-material used
to create the leaf is isotropic, has the same Young mod-
ulus E and the same density ρ. Its production needs the
same amount of bio-energy. Under this strong assumption,
we neglect the inhomogeneity of the different tissues that
comprise the leaf (xylem/phloem vessels, mesenchymatous
cells, cuticle, etc.) Those tissues have non-similar mechan-
ical properties. This will be discussed in the last part of the
paper as well as the growth process. Third, we also neglect
all mechanical tricks to strengthen the midvein such as U-
shaped midvein (Ennos et al., 2000), turgidity-dependent
rigidity (Nilsson et al., 1958; Faisal et al., 2010) and cur-
vature induced rigidity of the lamina (Barois et al., 2014).
Fourth, for the sake of simplicity, we consider that the
petiole is clamped perpendicular to the gravity. Finally,
we assume that the midvein weight is negligible compared
to the lamina weight. This assumption can be easily re-
leased and optimal shapes can be computed numerically
but it does not permit to access analytical solutions any
more.
2.2. Optimal leaf
We consider a leaf supporting its own weightM within a
gravitational acceleration g for a given volume of biomass
V available to build the structure. The leaf bends in the
two directions indicated in Fig. 2b and 2c. The first direc-
tion is along the midvein and the second is perpendicular
to the midvein. We note θ the final angle of the leaf. The
maximal angle of a beam horizontally clamped at its one
end under constant gravity loading G is
θ =
GL3
6EI
, (1)
where I is the second momentum of area (I = pid4/64 for
a circular beam in bending). This equation is adapted for
bending in direction 1
2ρ g w t l3
6E (pi d4/64)
= θ , (2)
and in direction 2
ρ g l t w3
6E (t3 l/12)
= θ . (3)
These two equations are the only mechanics-derived ex-
pressions in this model. Volume, V , and surface area, S,
of the leaf can be represented by
V = 2w t l+ pi l d2/4 and S = l w . (4)
Maximization of the surface of the leaf S under the con-
straint of fixed volume of biomass V and adequacy with
mechanical self-support, Eq. (2) and (3), provides four
equations that give l, w, d and t. Calculation details are
presented in the Appendix B. Finally, we obtain
l =
(
2 32 θ
5 11 pi
)1/4(
E
ρg
)1/4
V 1/4 (5)
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Figure 2: Schematic views of a giant monocot leaf. (a) top view. (b) lateral view. The leaf hangs down because of its own weight. θ is the
largest inclination angle of the leaf. This bending direction is noted 1. (c) Cross section view of the leaf. Again, the leaf hangs down because
of its own weight and θ is the largest inclination angle of the leaf in this bending direction. This bending direction is noted 2. (d) Top view
of the idealized leaf used for the model.
w =
(
55 pi θ
27 33 113
)1/10 (
E
ρg
)1/10
V 3/10 (6)
t =
(
pi3 515
39 211 119 θ7
)1/20(
E
ρg
)
−7/20
V 9/20 (7)
d =
(
211 3 5
113 pi3 θ
)1/8 (
E
ρg
)
−1/8
V 3/8 (8)
Considering different leaf geometry, with a cone-shaped
midvein for instance (see Wei et al. (2012)) would lead to
similar results but with slightly different pre-factors. To
bear in mind some numerical values, a giant leaf with a
volume V = 1.0× 10−3 m3, a typical Young’s modulus of
E = 1.0 × 108 Pa and a density of ρ = 1.3 × 103 kg.m−3
the model gives a length of 80 cm, a width of 16 cm, a
midvein diameter of 2.8 cm and a thickness of 0.9 mm.
3. Material and Methods
To assess the hypothesis that leaves are optimally de-
signed for self-support applies in nature, we measured leaf
characteristics of palm trees and banana trees.
3.1. Samples
The palms of various species of monocots have been col-
lected in the garden of the Rayol domain (N 43◦ 9′ 22′′
E 6◦ 28′ 54′′) and in private gardens in La Ciotat (N
43◦ 10′ 25′′ E 5◦ 36′ 18′′) and in E´guilles (N 43◦ 32′ 39′′ E
5◦ 20′ 22′′) all located in the south of France. The species
and the characteristics of the palms used in our experi-
ments are listed in Table 3. The palms selected for the
study were cut from palm trees of different species liv-
ing in different habitats and thus have different charac-
teristics. Some are drought resistant such as Sica whereas
some require wet environment like the ferns Dicksonia An-
tartica and Cyathea Cooperi. Most of the species cho-
sen in the study were grown in south of France but orig-
inate from all over the world (south America: Butia,
Syagrus Romanzoffiana; Asia: Banana tree, Sica; Africa:
Phoenix Canariensis; Oceania: Rhopalostylis Sapida, Cy-
athea Cooperi, Macrozamia Communis.)
3.2. Measurements
We have measured geometrical and mechanical param-
eters of the leaves, their dimensions, l, w, d and t, their
volume V , their massM , their density ρ and their Young’s
modulus E. Immediately after being cut from the tree,
fresh palms were clamped horizontally from their bases
and tested with extra masses Me attached to their free
end. We took side pictures of this system, as shown in
Fig. 4a, in order to estimate the Young’s modulus E of the
palms. After that, all the dimensions of the palm (length
l, width w, petiole diameter d and thickness t) were mea-
sured. Palms used in our experiments vary from 48 to 378
cm in length and from 12 to 100 cm in width. Also, we
determined the total mass M of the palm with a precision
scale and reported a variation between 13 and 2434 g for
the considered palms. Finally, the volume V of the palm
has been estimated by measuring its displacement of water
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Figure 4: (a) Palm of a Buttia palm tree (Exp. 2) clamped at
its base. A mass of Me = 0.4 kg is attached to its free end. (b)
Plot of the relative curvature C − C0 of the base of a palm of a
Syagrus Romanzoffiana tree, see experiment number 10 in Table 3,
as a function of the torque Mglx imposed at the free end. The slope
gives an estimation of EI in kg.m3/s2.
when submerged in a tank. In our experiments, the volume
of a palm varied between 21 to 2280 cm3. The measure-
ments made on palms of different species are gathered in
Table 3.
4. Results
4.1. Density
The deduction of the density ρ = M/V of palms are
listed in column 10 of Table 3. The density of palms
considered in our experiments varies from 0.78 × 103 to
1.58 × 103 kg.m−3. This observation means that palms
of various species of monocots are denser than water and
must sink. Such a counter-intuitive prediction for veg-
etable materials has been verified in a pool.
4.2. Young’s modulus
The Young’s moduli E of the different palms considered
in our experiments have been deduced from their shape
when clamped with an extra-load Me g applied to their
free end, as shown in Fig. 4a. In such a situation, the
extra load imposes a torque at the base of the palm which
is expressed as Me g lx, where lx is the length of the palm
projected on the horizontal direction. Assuming that the
palm behaves as an elastic beam, the previous torque is
compensated by the elastic torque EI(C−C0) at its base,
where C is the curvature of the palm just adjacent to the
clamp and C0 the natural curvature of the palm at the
same position when Me = 0. Finally the torque equilib-
rium at the base of the palm provides
EI(C − C0) =Me g lx . (9)
Experimentally, we measured the two quantities C−C0
and lx for various extra masses Me with image analysis.
Figure 4b shows the relation between the relative curva-
ture C − C0 at the base of a palm of a Syagrus Roman-
zoffiana as a function of the torque Me g lx applied to its
free end. The correlation of the two quantities provides an
estimation of the flexural rigidity EI of the palm along its
principal direction. Assuming that in this situation, the
second moment of area I is the one of a cylindrical beam of
diameter d, (I = pid4/64), we estimate the Young’s modu-
lus E of the palm. The same procedure has been done for
every palm and the estimations of Young’s modulus are
reported in Table 3. For palms considered in this study, E
is in a range from 107 to 1010 Pa consistently with Niklas
(1994).
5. Comparison model & measurements and Dis-
cussion
5.1. Comparison
In order to compare the experimental data with the
model developed previously, we plot the palm length, mean
width, mean thickness and the mean petiole diameter as
a function of the scaling laws predicted by equations (5),
(6), (7) and (8) in Fig. 5.
First, for each parameter the model predicts the actual
value within an order of magnitude. Second, the evolution
of the data with the scaling laws are consistent. Third,
the prefactors of the model yield an estimation of the pa-
rameter close to their absolute value.
One may notice that the Sica leaf does not follow the
general trend for any of the parameters. Such a leaf is not
optimally designed for self-support consistently with our
observation; gravity does not impact the shape of a mature
Sica leaf. As a general rule, when a leaf does not change
of shape when gravity is reversed (Moulia’s test3), for in-
stance when its curvature does not change when flipped
upside down, the leaf is too stiff and not optimally de-
signed for self-support. To build such a leaf, too much
biomass was used for self-support and one may think that
others factors of selection prevail.
5.2. Discussion
The agreement between experiment and prediction sup-
ports our hypothesis that leaves are optimally designed for
self-support. The discrepancy in terms of absolute value
may come from the simplification of the geometry of the
leaf made in the model (see section 2.1). For all the leaves
considered here, the midvein is not cylindrical but cone-
shaped. Also, the non-uniform elasticity of the leaf can
explain the difference between measurements and theory.
Finally, the mechanical tricks make the leaf stiffer with the
same amount of bio-material and thus must increase the
length and the width of the leaf. We expected that our
predictions of l and w would be lower than the measured
values, which is the case. Note that palms are composed
by separated leaflets which reduce the apparent density
and increase w and l, see Eq. (5) and (6).
In contrast, the model predicts the leaves’ thickness for
most of the leaves presented here but does not predict
3From Bruno Moulia, INRA Clermont-Ferrand.
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accurately the measurements for the smallest Sica leaf,
which is too stiff compared to the optimal self-support
prediction.
There is a minimal size of leaves for which the proposed
model applies. If we consider that a leaf cannot be thinner
than 100 µm, we obtain a critical leaf length of 23 cm and
a critical width of 4 cm (for E = 108 Pa, ρ = 1.3 × 103
kg.m−3 and θ = 20◦). This means that small leaves en-
countered in nature are too stiff and thus not optimized for
self-support. Other selection parameters may influence on
these leaves to determine their shape. Among these con-
straints, two example are wind resistance and resistance
to tearing. Also, Jensen and Zwieniecki (2013) discussed
the maximal size of leaves resulting from the optimality of
sap flow efficiency.
Our study shows that some large leaves are subjected to
biomass allocation optimization. But, one may ask if it is
preferable to concentrate much of the biomass of the tree
in one leaf or if it is more efficient to create a large bunch
of small leaves. According to our approach, there is no
optimal position on this point. Indeed, the volume of the
leaf dedicated to light interception is Vlight = 2l w t that
scales as Vlight ∝ V 1/4 V 3/10 V 9/20 ∝ V . In proportion, the
amount of leaf useful for light interception is independent
of the size of the leaf; having a bunch of small leaves or only
one huge leaf of the same volume gives the same results
in terms of light interception. In reality, the repartition
between surface and thickness is different. A bunch of
small leaves will have a larger surface to intercept light but
a smaller thickness. This indicates that the transmission
coefficient of the small leaves should be larger than the one
of large leaves.
This particularity of leaf shape might lead to different
light interception strategies: (i) In a strong light environ-
ment, a thick lamina allows a leaf to intercept a lot of
light directly (light interception is exponential with lam-
ina thickness), whereas a thin lamina will intercept less
light and thus transmit more to under canopy leaves. One
large leaf is favourable in this light environment. (ii) In a
low light environment, a thin leaf already intercepts all of
the available light. Being thicker is no longer efficient to
intercept more light. However, with thin leaves the poten-
tial surface area of light interception is larger than with
thick leaves. A bunch of small leaves is beneficial in such
an environment.
Furthermore, areas with a strongly lit environment are
located close to the inter-tropical region, where the light is
mainly direct light and thus the sun-leaf orientation mat-
ters. At higher latitudes, the available light is lower inten-
sity and diffuse light that does not come from a preferred
direction - leaf orientation does not matter. This rein-
forces our earlier point: in the inter-tropical region, leaves
have to deal with strong direct light, so building one leaf
properly oriented (i.e. horizontal) is favourable whereas
in higher latitude regions, building a bunch of small leaves
oriented in different direction would be more efficient in
low and diffuse light environment. Because of these points,
it may not be surprising that large palm trees are found
in inter-tropical regions rather than close to the poles.
This hypothesis that leaf size is repartitioned with
Earth’s latitude needs to be verified in a statistical man-
ner. Many selection factors may influence the leaf shape
or change the optimal leaf size; see for instance the paper
by Jensen and Zwieniecki (2013).
Our analysis has many biases on which we comment
in the following: (i) There are many shapes of leaves in
nature. We believe that for large leaves, arguments of op-
timal biomass usage would lead to similar results regard-
less the actual shape of the leaf. (ii) The leaf is created
with a growth process that tends to change the mechanical
properties of the leaf (pre-stresses, inhomogeneities, natu-
ral curvatures). We believe that the arguments presented
here apply regardless of the mechanical specificity of each
leaf. This is because the dependence on global shape is
much stronger than the dependence on any mechanical
trick (see exponents in Eq. (5), (6), (7) and (8), always
smaller than 1/2). The leaves which measured dimensions
are strongly different from predictions of the model would
be leaves with a different strategy of orientation for light
collection (such as diffuse light collection) or fulfilling other
selection parameters.
6. Conclusion
This study shows that large leaves, as the palms studied
here, are optimized to support themselves for direct light
interception. However, most of the leaves of terrestrial
plants are oversized for self-support and thus not optimal.
Leaf over-sizing is easily observable: when you take a small
leaf in your hand and flip it regarding the gravity, noth-
ing happens and the leaf keeps its own curvature which
results from growth (Moulia’s test). This over-sizing sup-
ports the idea that different selection pressures are more
relevant to explain the shape of the leaf rather than the
one exposed in this paper. Among these selection pres-
sures are storm survival, drought resistance, herbivory re-
sistance, and enhancement of heat and gas exchange. The
large number of selection pressures indicates that leaves
are multi-functional organs for which the shape is the re-
sult of a complex trade-off. However, depending on leaf
fitness, environment, and life history, one among those se-
lection pressures may play a stronger role into leaf shap-
ing than the others. The determination of which selective
pressures shape the leaf in a given environment is a fasci-
nating question that still requires further investigation. A
better understanding of how competing selective pressure
favours some leaves shapes has strong agricultural impli-
cations, e.g. the artificial selection of plants to adapt to
non-native habitats.
Another perspective of this work could be to relax some
assumptions made in the model. Particularly, the sim-
ple geometry of palm leaves assumed in the model can be
extended to other geometries using an evolutionary algo-
rithm. We expect that such a procedure would predict the
6
optimal geometry of a large leaf with more details (the
midvein geometry, lamina shape and even the presence of
secondary veins).
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Appendix A. Light interception
The goal of this appendix is to explain why a horizon-
tal and flat position maximizes sunlight interception. Our
approach considers a leaf as a thin plate, inclined by an
angle θ with the local gravity, Fig. A.6. A simple sun
path across the sky is indicated by the dotted line. We
assume the sun provides a constant solar energy whatever
its position on the sky (This is a simple assumption but
transmitted solar energy is larger when the sun is at its
zenith. This effect strongly favours the horizontal posi-
tion). Moreover we suppose that the sun shines from each
position parallel sunbeams with an angle φ with respect to
the horizontal. For the exact and detailed calculation of
light interception, see Pisek et al. (2011) and Tadrist et al.
(2014).
PSfrag replacements
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Figure A.6: Notation used to describe light interception by a leaf.
The total solar energy collected by the leaf on one day
E is the sum of every sunbeam (0 < φ < pi)
E ∝
(∫ pi
θ
sin(φ− θ) dφ +
∫ pi+θ
0
sin(φ− θ) dφ
)
(A.1)
The integration over φ yields
E ∝ (1 + cos θ) (A.2)
One observes that E is maximum when θ(s) = 0. The
optimal orientation of a leaf for sunlight interception is a
horizontal. Taking into account the variation of sunlight
power during the day (i.e. with respect to solar inclination,
φ) would reinforce the previous result.
Appendix B. Optimization of biomass allocation
We develop here the calculations to derive Eq. (5), (6),
(7) and (8) from the three first equations Eq. (2), (3), (4)
and surface optimization.
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With Eq. (2), t writes
t =
√
2
(
Eθ
ρg
)
−1/2
w3/2 . (B.1)
To simplify notations, in the following, the length Eθ/ρg
is noted Θ. With this notation, t reads
t =
√
2Θ−1/2w3/2 . (B.2)
With Eq. (3), d4 is
d4 =
26
3pi
ρg
Eθ
w t l3 . (B.3)
Injecting Eq. (B.1) in Eq. (B.3) allow to eliminate t,
d2 =
213/4
(3pi)1/2
Θ−3/4w5/4 l3/2 . (B.4)
Using those two intermediary equations, Eq.(B.1) and
(B.4), in the equation of volume, Eq. (4), the volume
writes
V = 23/2Θ−1/2w5/2 l+
25/4pi1/2
31/2
Θ−3/4w5/4 l5/2 .(B.5)
Now to find the optimal leaf, we have to maximize the
leaf surface S = 2 l w for a given volume V . We use the
Lagrange multipliers technique where λ is a dummy vari-
able
S = 2Lw − λ
(
23/2Θ−1/2w5/2 l
+
25/4pi1/2
31/2
Θ−3/4w5/4 l5/2
)
, (B.6)
that gives respectively, ∂S/∂L = 0 and ∂S/∂w = 0
2w = λ
(
23/2√
Θ
w5/2 +
5 21/4pi1/2
31/2
Θ−3/4l3/2w5/4
)
2l = λ
(
5
√
2
Θ
w3/2 l+
5 pi1/2
23/431/2
Θ−3/4l5/2w1/4
)
With these two lines, we eliminate λ and find the rela-
tionship between l and w
w5/4 =
(
2 32
11 5 pi
)1/4
Θ1/4 l3/2 . (B.7)
Now, simple calculations with Eq. (B.1), (B.4), (B.7)
and (B.5) give
l =
(
2 32 θ
5 11 pi
)1/4(
E
ρg
)1/4
V 1/4 , (B.8)
w =
(
55 pi θ
27 33 113
)1/10 (
E
ρg
)1/10
V 3/10 , (B.9)
d =
(
211 3 5
113 pi3 θ
)1/8 (
E
ρg
)
−1/8
V 3/8 , (B.10)
and finally
t =
(
pi3 515
39 211 119 θ7
)1/20(
E
ρg
)
−7/20
V 9/20 . (B.11)
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Exp. Species Location l
(cm)
2w
(cm)
d
(mm)
t
(µm)
V
(cm 3)
M
(g)
ρ
(g/cm 3)
E (Pa)
1 Banana tree E´guilles 49 12.2 5.5 210 21 13 0.62 8.3× 106
2 Sica E´guilles 84 9.2 11.2 720 95 91 0.96 4.5× 1010
3 Phoenix E´guilles 124 17.9 20.1 438 315 332 1.05 2.7× 108
4 Macromazia Communis Rayol 134 26.3 9.0 591 155 151 0.97 2.8× 109
5 Cyathea Cooperi Rayol 167 69 12.9 147 390 311 0.78 2.1× 109
6 Buttia E´guilles 190 21.2 10.9 427 340 385 1.13 1.3× 1010
7 Buttia Rayol 205 58.7 15.7 481 1303 1473 1.13 4.8× 109
8 Dicksonia Antartica Rayol 241 42.1 13.3 61 400 631 1.58 3.0× 109
9 Syagrus Romanzoffiana Rayol 270 91.7 27.3 201 1717 1796 1.04 1.4× 109
10 Phoenix La Ciotat 300 73.8 19.7 310 840 946 1.12 6.4× 108
11 Rhopalostylis Sapida Rayol 378 100 31.2 310 2280 2434 1.07 5.1× 108
Figure 3: Characteristics of palms studied experimentally: Species [column 1]; Tree location [column 2]; Length of the palm l [column 3];
Mean width of the palm 2w [column 4]; Diameter of the petiole at it base d [column 5]; Mean thickness of the palm t [column 6]; Volume of
the palm V [column 7]; Mass of the palm M [column 8]; density of the palm ρ = M/V [column 9]; Young’s modulus of the palm E [column
10].
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Figure 5: (a) Palm length l of various species of palm tree as a function of (E/ρg)1/4 V 1/4. ⋆ Banana tree (Exp. 1), ✳ Sica (Exp. 2), N
Phoenix Canariensis (Exp. 3), × Macrozamia Communis (Exp. 4), H Cyathea Cooperi (Exp. 5),  Buttia (Exp. 6), ◮ Buttia (Exp. 7),
✸ Dicksonia Antartica (Exp. 8),  Syagrus Romanzoffiana (Exp. 9), ● Phoenix Canariensis (Exp. 10), ◭ Rhopalostylis Sapida (Exp. 11).
(b) Mean width w of various palms as a function of (E/ρg)1/10 V 3/10. (c) Mean thickness t of palms of different species as a function of
(E/ρg)−7/20 V 9/20. (d) Diameter of the petiole d at the base of palms of different species as a function of (E/ρg)−1/8 V 3/8. The black solid
lines represent respectively Eq. (5), (6), (7) and (8) for θ = 20◦.
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